In this study, using the concept of relative entropy as a distance measure of correlations we investigate the important issue of evaluating quantum correlations such as entanglement, dissonance and classical correlations for 2 n -dimensional Bell-diagonal states. We provide an analytical technique, which describes how we find the closest classical states(CCS) and the closest separable states(CSS) for these states. Then analytical results are obtained for quantum discord of 2 n -dimensional Bell-diagonal states. As illustration, some special cases are examined. Finally, we investigate the additivity relation between the different correlations for the separable generalized bloch sphere states.
Introduction
Quantum entanglement plays an important role in the quantum communication protocols like teleportation [1, 2] , superdense coding [3] , remote state preparation [4] , cryptography [5] and many more. However, entanglement is not the only correlation that is useful for quantum information processing. Recently, it is found that many tasks, e.g. quantum nonlocality without entanglement [6, 7, 8] , can be carried out with quantum correlations other than entanglement. It has been shown both theoretically and experimentally [9, 10] that some separable states may speed up certain tasks over their classical counterparts. Recent measures of nonclassical correlations are motivated by different notions of classicality and operational means to quantify nonclassicality. One kind of nonlocal correlation called quantum discord, as introduced by Oliver and Zurek [11, 12] , has received much attention recently [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] . Most of these works are limited to studies of bipartite correlations only as the concept of discord, which relies on the definition of mutual information, is not defined for multipartite systems. It is well known that the different measures of quantum correlation are not identical and conceptually different. For example, the discord does not coincide with entanglement and a direct comparison of two notions is rather meaningless. Therefore, a unified classification of correlations is in demand. Modi et.
al. [19] , introduced a unified classification of correlations for quantum states which is applicable for multipartite systems. In this unified view, the measure of correlation is based on the idea that the distance from a given state to the closest state without the desired property (e.g. entanglement or discord) is a measure of that property. Finding the CCS is still a very difficult problem and has the same challenged as faced in computing original discord. [26, 27] . The examples of entangled states ρ with analytical expression for the CSSs, discussed in Refs. [28, 29, 30, 31, 32, 33, 34, 35, 36] . The inverse problem to the long standing problem [37] of finding the formula for the CSS was solved in [38] for the case of two qubits and a closed formula for all entangled states was solved in [39] for all dimensions and for any number of parties. In this paper, we give an efficient procedure so that analytic evaluation of quantum discord of 2 n -dimensional Bell-diagonal states can be performed. Then we find an exact explicit formula for quantum discord of these states. We also show that total correlation for the separable generalized bloch sphere states is subadditive.
This paper is organized as follows. In the next section we introduce the distance measure of correlation and show that the generic state ρ and its CSS or CCS have the same structure.
In section 3 the definition of 2 n -dimensional Bell-diagonal states is given and in section 4 we calculate the CCS of 2 n -dimensional Bell-diagonal states and then we find an exact analytical formula for the quantum discord of these states. In the rest of this section to illustrate how the formula can be applied, we give two examples. In section 5 we investigate additivity relations between different correlations for separable generalized bloch sphere states. Concluding remarks and two Appendices close this paper.
2 Distance measure of correlations.
Here, we will follow the approach of [19] to characterize and quantify all kinds of correlations in a quantum state. The definitions of relevant quantities are:
2)
3)
where P is the set of all product states (i.e., states of the form π = π 1 ⊗ π 2 ⊗ ... ⊗ π N and π n is the reduced state of the nth subsystem). C contains mixtures of locally distinguishable states
where p k is a joint probability distribution and local states |k n span an orthonormal basis, D is the set of all separable states (i.e., states Theorem: Given a generic state ρ ∈ H\I and X ∈ I, min S(ρ X) is achieved when ρ and X have common eigenbasis. Here, I is a special subset of the Hilbert space H.
To show this, suppose
Now the problem of finding the closest state X to ρ is reduced to the problem
where
Eq. (2.6) shows that the matrix Q with the (Q) ij = q ij is doubly stochastic matrix. The set of doubly stochastic matrices, Ω n , is the convex hull of the permutation matrices (Birkhoff (1946), von Neumann (1953)). In other words, the doubly stochastic matrix, Ω n , is the convex combination of the permutation matrices, P n , that is
hence our problem reduces to a Linear Programming optimization over the convex set of feasible region. Here the feasible region is a simplex and its apex, yield when one of the τ i equals 1
and the others equal zero, are the desired solutions of this optimization problem. This means that ρ and X have common eigenbasis.
3 Definition of 2 n -dimensional Bell-diagonal states
In order to put our discussion in a precise setting, let us first introduce 2 n -dimensional Belldiagonal states acting on a bipartite system
independent and commuting element such that -I is not an element of S and g
γ j for j =1, 2, . . . , 2n+1, known as Dirac matrices. (For a brief review about Dirac matrices and an explicit construction of γ j , see Appendix II).
Hence, we can represent the density operators acting on a bipartite system H A × H B as:
(3.10)
Consider the projection operators {π i 1 ,i 2 ,...,i 2n } with
then we get
From the theorem above it follows that the CSS states can be represented as:
and CCS states are
Calculation of classical states and quantum discord
First of all, we note that the result of above theorem can straightforwardly be used to obtain the CCS states of 2 n -dimensional Bell-diagonal states. To do this recall that the Pauli operators on a single qubit are {I, σ x , σ y , σ z }. The representation of the Pauli group we will deal with is the group formed by elements of the form G n = {i
Suppose Γ is a subgroup of G n generated by elements
There is an extremely useful way of presenting the generators of Γ [40] . To do this, we use r( an σ x on the jth qubit then the jth column element is a 1 and the n+jth column element is a 0; if it contains a σ z on the jth qubit then the jth column element is 0 and the n+jth column element is 1; if it contains a σ y on the jth qubit then both the jth and n+jth columns are 1.
Let us define a 2n × 2n matrix Λ by    0 I n×n 
.., n , such that the Eq.(4.17) is satisfied, then we can rewrite the state ρ such as:
.
Since classical states contains mixtures of locally distinguishable states hence we can rewrite the expression of the CCS of ρ such as: then we can rewrite the CCS of ρ such as:
In the rest of this section we calculate the quantum discord of 2 2n -dimensional Bell-diagonal states. Note that the key difference between the original definition of discord [11, 12] and the definition in Eq.(2.2) is in minimization. We minimize the quantity D, while for the original discord, D − L ρ is minimized [19] where L ρ = S(π χρ ) − S(π ρ ) . Since for the Bell-diagonal states L ρ = 0, hence the two forms of discord are the same. Now, using Eq.(4.24) we give an exact analytical formula quantum discord for 2 n -dimensional Bell-diagonal states such as: give an intuitive understanding of this subject, let us illustrate it by a fundamental examples.
Example 1: Generalized bloch sphere states
Using Eq.(3.10) the generalized bloch sphere states [41] are given by In the optimum strategy S(ρ χ) is at its minimum, that is we have t 1,0,...,0 = t max . Hence using, (4.26), we obtain
This is in agreement with the result obtained in [41] for N=M.
Example 2: 2 2 -dimensional Bell-diagonal states
As the second example, to keep our discussion simple, let us focus attention on n=2 case. In this case, using (4.25) we have
where, using (4.17) we get 31) and 
Subadditivity of correlations of a quantum state
It has been conjectured [19] that the correlations of a quantum state are subadditive in the sense T ρ ≥ E + Q + C σ (where T ρ is total mutual information which defined as S(ρ π ρ ) and C σ is the classical correlation S(χ σ |π σ )). In general, from an analytical point of view, the derivation of closed expressions of relative entropy of entanglement involves optimization procedures that are very complicated to perform. Hence, here we consider the inverse problem [38] and investigate additivity relations between different correlations for separable generalized bloch sphere states. These states are given by 36) with the eigenvalueś family of all entangled states, ρ(x, σ) , for which σ is the CSS is given by [39] ρ(x, σ) = σ − xL
where L α is linear operator. In the eigenbasis of α, α = diag(a 1 , ..., a n ) is a diagonal matrix, where a 1 , ..., a n > 0 and for any β = [b
(5.39)
..,i 2n ,s are entanglement witnesses (EW) of 2 n -dimensional Bell-diagonal states. Here,
x max is defined such that ρ(x max , σ) ∈ H n,+,1 (convex set of positive hermitian matrices of trace one) and ρ(x max , σ) has at least one zero eigenvalue. We also note that w i 1 ,i 2 ,...,i 2n is normalized;
i.e. T r(w i 1 ,i 2 ,...,i 2n )
Bell-diagonal states is given by [42] 40) with the eigenvalue
Now define the real symmetric matrix [39] [
hence we get
is the entrywise product of two matrices of A and B. Let
then, using (5.38,5.42,5.43), we obtain
We now focus our attention on the subadditivity of correlations. By direct calculation one gets 
Conclusion
In the unified view of quantum and classical correlations the quantifications are done by the relative entropy and optimization of relative entropy is known to be a difficult problem. In this work, we have presented a general algorithm via exact convex optimization to the problem of finding CSS and CCS for a given entanglement state ρ. Using the obtained CCS for the 2 ndimensional Bell-diagonal states, we have derived analytical formula for the quantum discord of these states. As illustrating examples, we have analyzed the case of the separable generalized bloch sphere states and 2 2 -dimensional Bell-diagonal states and described how to apply the formula for this cases. We have also shown that the separable generalized bloch sphere states is subadditive. While our analysis is for a special states of bipartite quantum system, it serves to provide a unified explanation for a variety of states . In fact, this approach is completely general and could be applied for multipartite states in all dimensions. The main conclusion is that the presented algorithm provide indispensable prerequisites for further investigation and can bring a robustness in constructing CSS and CCS for a given multipartite states in all dimensions. Application of this algorithm to other quantum system and finding related CSS and CCS is still an open problem which is under investigation.
It is sometimes useful to have an explicit realization of the algebra of γ matrices. For d = 2, the standard Pauli matrices realize the algebra: 
